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We  consider  the  nonlinear  elliptic  degenerate  equation 


(1) 


2/3  2u  32vi\ 


+  2u  =  f(u)  in  Q 


where 


SI  “  {  (x  ,y)  (  R  ,  0  <  x  <  a,  |y|  <a) 

a 


for  some  constant  a  >  0  and  f  is  a  C  function  on  R  such  that 

f  (0)  =  f  •  ( 0 )  =  0.  Our  main  result  asserts  that:  if  u  <  C(il  )  satisfies 

a 


(2) 


u(0,y)  =  0  for  |y|  <  a  , 


—  2  oo  —  oo  — 

then  x  u(x,y)  t  C  and  in  particular  u  t  C  (f^^)  • 
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SIGNIFICANCE  AND  EXPLANATION 


Special  solutions  of  the  Yang-Mills  field  equations  of  theoretical  physics 
may  be  obtained  by  solving  a  boundary  value  problem  for  a  nonlinear  elliptic 
equation  in  a  two  dimensional  half  space.  This  equation  degenerates  at  the 
boundary  of  the  region  and  this  deaeneracy  makes  it  a  delicate  matter  to  study 
how  the  solutions  behave  near  the  boundary.  In  this  work  it  is  proved  that  the 
weak  solutions  previously  known  to  exist  are  in  fact  smooth  up  to  the  boundary. 
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BOUNDARY  REGULARITY  FOR  SOME 


NONLINEAR  ELLIPTIC  DEGENERATE  EQUATIONS 


Haim  Brezis  and  Pierre-Louis  Lions 


1  .  Introduction 


This  paper  deals  with  the  question  of  boundary  regularity  of  solutions  of 


a  nonlinear  elliptic  degenerate  equation  of  the  form 


where 


for  some  constant  a  >  0,  and  f  is  a  C  function  on  K  such  that 


Our  main  result  is  the  following 


Theorem  1.  Assume 


Then  x  u(x,y)  e  C  (SI  )  and  in  particular  u  e  C  (Si  ) 


Equation  (1)  occurs  in  the  theory  of  multimeron  solutions  to  Yang-Mills  field 


equations  (see  (2)).  More  precisely  the  equation  in  [2]  is 


together  with  the  boundary  conditions 


we  f ind 
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t.iat  is  (1)  with  f  (u)  -u  *  lu  .  In  1  11  it  is  only  proved  that  i  s  con¬ 

tinuous  up  to  the  boundary  (except  at  the  points  where  ^  changes  sign).  Theoi om 
1  shows  that  \}>  is  C  up  to  the  boundary  (except  at  the  f>oints  whole  ij1  change 
sign) . 

We  thank  A.  Jaffe  for  suggesting  the  problem  and  C.  Goulaouic  for  usetul  dis¬ 
cussions  . 

2 .  Some  lemmas . 

The  proof  relies  on  some  lemmas 

Lemma  2.  Assume  u  t  C  (ft  )  n  C(ft  )  satisfies: 

a  a 

(4)  |-  x~  Au  +  2u|  £  a(u“  +  x^)  on  ft 

A 

for  some  constant  a 

(5)  u(0,y)  *  0  for  |y|  <  a 
Then,  there  is  a  constant  6  such  that 

|u(x,y)  |  <_  t*x‘  on  ft  .  . 

/  A/  *. 

Proof  of  Lemma  2.  For  b  <  a  set 

*  Sup  |u| 
nb 

Since  by  (5)  -♦  0  as  b  -*■  0,  we  may  fix  b  so  small  that 


(6) 

ab‘  < 

1/2 

(7) 

inM  < 
b 

1/400 

We  shall  establish  that 

(A)  |u(x,0)  |  <_  Ax‘  for  0  <  x  <  b 

where 

100  ft 

(9)  A  ■  Max{ab"  ,  - - — ) 

b‘ 


-2- 


Iht?  conclusion  ot  Lemma  2  follows  easily.  In  order  to  prove  (8)  we  introduce 


the  function 


2  4  4 

v(x,y)  =  Ax  -  Bx  +  Cy 


where  A  is  defined  by  (9) , 


c  ’  7  ' 


A  direct  computation  shows  that 


2  2  4 

x  Av  +  2v  >_  at(v  +  x  )  on 


v(x,  ±  b)  >  M,  for  0  <  x  <  b  , 

—  D 


v(b,y)  _>  M  for  0  <  y  <  a  , 


a  Sup  v  <_  1 

fl. 


v  >  0  on 


We  now  derive,  using  the  maximum  principle  that 
(18)  u  <_  v  on  £1^ 

Indeed  by  (14)  and  (15)  ,  u  £  v  on  3(1^ 

Suppose,  by  contradiction,  that  (u-v)  achieves  a  positive  maximum  at 


(x  ,  yn)  «  •  We  would  have 

U  U  D 


A (u-v) (xQ,  yQ)  ^  0 


On  the  other  hand,  we  deduce  from  (4)  and  (13)  that 


2  2  2 
-  x  A (u-v)  +  2u  -  2v  <  a(u  -  v  )  on  0 


-3- 


hot  i'tot  o 


‘  -  "u(V  V  *  V(V  yo"  • 

«  ♦  1  (by  (lb)) 

•huI  thus  iM^  '  l  -  >*ont  radict  ion  with  (7). 

I  .o  mnia  ».  Ondot  the  assumpt  ions  of  Theorem  1  there  oxist  constant  fi  s 

k  ,  > 

P  u(x,y)  *  ft  x“  on  il 

y  k  a/2 

fo«  all  k  -  0,1,.'  ... 

of  I  omin.i  1.  Since  f  (0)  0  wo  have 


and  b\  (1) 


f  l  u)  '  0  u 


on 


il 

a 


It  follows  1 1  om  I  omnia 
t  heoi  y  l  soo  o  ,.j .  |  1  |  ) 


Au  '•((.♦  2)^—^  on  W 

2  a 

x 

that  Au  <  i,  (i:  ?)  .  Wo  deduce  from  the  1.*  re*. 

that  u  <  Cl(>:  •  In  oarticulai  P  u  <  0(..  ) 

**  **  y  a  4 


DyU(O.y)  -  0  for  |y|  «•  a  4 


(since  u(0, y)  -  0  for  )y)  *  a) .  Also,  differentiating  (1)  with  respei 

WO  t  Hid 


A  IP  u) 
Y 


.’IP  u' 
y 


f'lu'P  u  Oil 
y 


i) 

a 


hv  (.’)  wo  have 


! f ' (u)  1  0 1 u I 


ucti  tll.lt 


1  u  l  a  t  1 1  y 
and 


and  f  t om  I  onm-i  2  wo  soo  that 


Consequently 


2  2  4 

| f *  (u)Dyu|  £  CB( | DyU I  +  x  )  » 

and  Lemma  2  applied  to  DyU  shows  that 

|Dyu|  <  BlX2  on  0a/8  • 

The  conclusion  of  Lemma  3  for  k  =  1  follows  directly.  When  k  2  we  proceed 

in  a  similar  way,  by  induction,  differentiating  (1)  k  times  with  respect  to  y. 

2 

Lemma  4.  Assume  C  (]0,a[)  n  C([0,a])  satisfies 

-  x2  D2^x>  +  2*(x)  =  h (x)  ,  0  <  x  <  a  , 

x 

00 

where  h  e  L  (0,a) . 

-2 

Set  tji(x)  =  x  ^(x)  ,  then 

-4  r* 

D  ij>(x)  =  -  x  /  h(t)dt,  0  <  x  <  a 
X  0 


Proof.  Indeed  we  necessarily  have 

C  as 

*<x)  =  ~  +  C2x2  +  x2  /  ^  /  h(t)dt 

x  s  0 


5- 


i’et  ',(u)  “  u  f"-1*  so  that  by  (2)  „  ...  A  ,®  , 

unction  on  l\  .  Chanqinq 

*'’*  variable  ,  into  ,  .  I  finJ 

l^v.x.yi  .  -  «  /  ID'vlsx.y)  .  »-|»«.y»,(.V'v(«,,vl|  . 

“  f“U°"S  U~  3  »ith  k  .  0  a„J  k  .  J,  t„at 

')xu(x '  V*  1  i~i>  on  . 

Next,  if  we  differentiate  (2)  v  .  .. 

'  tlm'S  Wlth  resP«ct  to  y  we  obtain,  usinq 

Lemma  3,  that 


lDx  DyVlx,y> i  1  Ck  on  fi  , 


for  all  k. 


We  may  now  differentiate  (20) 
respect  to  y  and  we  find  that 


once  with  respect  to  x  and  k  times  wi 


nxxDyVlx,y)  i  on  i:a  ■> 

^  311  k'  Proceedin9  W  induction  we  obtain  estimates  for  D*Dkv  and  the 

conclusion  of  Theorem  1  follows  (nota*  . 

.  I  k  (n°te  that  W°  have  dn  estimate  of  the  form 

DxV(x'V>  i  Cx  when  i  is  odd). 


-6- 
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(1)  -  ^  +  2u  =  f(u)  in  f. 

\3x2  3y2/ 


where 


fl  =  {  (x,y)  e  1R  ,  0  <  x  <  a,  |  y  |  <  a > 
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ABSTRACT  (continued) 


f(0) 

-  f * (0)  *  0. 

Our  main  result  asserts  that:  if  u  t  C(fl  ) 

a 

satisf ies 

(2) 

u(0,y)  =  0  for  |yj  <  a  , 

then 

x  “u(x,y)  £ 

oo  —  <JD  — 

C  and  in  particular  u  e  C  * 

